We show that the field equations of the original Kaluza's theory lead to the appearance of an energy-momentum tensor of ghost matter. We comment on the possibility to describe dark matter with such tensor. We also give an example in which the ghost matter tensor allows four-dimensional Schwarzschild geometry to accommodate electrostatics. Such deviation from Reissner-Nordstrøm geometry can account for the interpretation of Schwarzschild geometry as resulting not from mass only, but from the combined effects of mass and electric charge, even electric charge alone.
Kaluza-Klein's theory has been an area of extensive research for almost a century [1] . Kaluza's original theory [2] seems unattractive because of the apparent lack of gauge invariance (it is Klein's later modification [3] which proposes the gauge invariant version of the theory). The two theories, however, are intrinsically related and dual -these are the slicing and threading decomposition of a five-dimensional spacetime [4] . Therefore, one would expect that the physics in either of these two pictures should somehow induce the physics in the other one. Thus the analysis of the field equations of the original Kaluza's theory is very appealing and we continue with it further, following [5] . We compare the physics with that of Klein's theory, as analyzed by Jordan and Thiry [6] . We show that in Kaluza's model, gauge invariance of the "electromagnetic" fields is actually transferred as a gauge freedom to fix the dilaton field (which models Newton's constant) as needed by experiments. This is the crucial difference between these two dual theories: Klein's theory fails to achieve a constant solution for the dilaton since un unwanted constraint for the Maxwell's tensor appears; Kaluza's theory sacrifices the gauge freedom of the electromagnetic fields. We show that the field equations of the original Kaluza's theory contain gauge-related (or ghost) terms and we study them in the case of a constant dilaton. We suggest that the ghost energy-momentum tensor could account for dark matter. We give an example which shows that the ghost matter terms allow Reissner-Nordstrøm geometry to deviate into Schwarzschild geometry. This leads to interpretation of Schwarzschild geometry as arising not from mass only, but from the combined effects of mass and electric charge or even from electric charge alone.
We start with a brief description of both theories. Klein's model [3] corresponds to the so called threading decomposition of a foliated five-dimensional spacetime [4] . In this decomposition the spacetime is represented by a congruence of "ζ-like" curves, where the coordinate ζ labels the fifth dimension. These "ζ-like" curves could be interpreted as the the "world lines" of a family of observers. The "rest frames" of these observers, however, do not necessarily form a hypersurface. Therefore, instead of the usual Riemann curvature tensor, one has to introduce the Zelmanov's curvature tensor [7] , which differs from the Riemann curvature tensor by additive ζ-derivatives of the four-dimensional metric. In fact, this modification of the Riemann curvature tensor was first introduced by Einstein and Bergmann [8] in 1938. If a cylinder condition is imposed (physics being independent on the fifth dimension ζ), these ζ-derivatives will be zero and the Zelmanov's curvature tensor will be forced to be equal to the ordinary Riemann curvature tensor. Such "smearing" of the rest frame hypersurfaces in the fifth dimension corresponds to a surface forming mechanism. Klein's model [3] has the following five-dimensional metric:
Latin indexes run from 1 to 4 and Greek indexes run from 1 to 5. The fivedimensional interval is:
The field V 2 is the threading lapse function, while A i dx i is the threading shift one-form. The fields g ij are called threading metric [4] . Under the coordinate transformation
the fields transform as:
so that dσ 2 is an invariant under this transformation. In view of the transformation law of A i as a gauge field, one identifies A i with the electromagnetic potential. The field equations R 
where R (5) µν is the five-dimensional Ricci tensor, R ij is the four-dimensional Ricci tensor, R is the four-dimensional scalar curvature, D i is the four-dimensional covariant derivative, = g ik D i D k , and F ij = ∂ i A j − ∂ j A i is the Maxwell tensor. In mostly plus metric, the electromagnetic energy-momentum tensor is:
One notes from equation (6) that Newton's constant G N is expressed as a dynamical field:
A constant solution for V (and, consequently, for the Newton's constant) reduces equations (6) and (7) to the usual Einstein and Maxwell equations. However, in this case equation (8) reduces to
, that is the square of the electric field must be equal to c times the square of the magnetic field. While this is indeed the case for plane electromagnetic waves for instance, there is no physical mechanism which will require F 2 = 0. In this sense, F 2 = 0 is an unphysical condition.
Kaluza's model [2] is the dual theory. It is represented by the so called slicing decomposition [4] . The five-dimensional spacetime is foliated by a oneparameter family of four-dimensional hypersurfaces, each of which represents a "particular" universe. The geometry of the five-dimensional spacetime arises from the geometries of the four-dimensional "slices". Then the metric H ij of our four-dimensional world naturally appears as the slicing metric. Imposing a cylinder condition in this case (i.e. dependance on the fifth coordinate s) is not at all necessary. However, we will drop s-dependent terms from our analysis (thus effectively imposing the cylinder condition). The five-dimensional Kaluza's metric is:
The five-dimensional interval is:
where
(Lowering and raising of Latin indexes is made with h ij and its inverse h ij , respectively.) The slicing lapse function is N −1 , while the slicing shift vector field is given by B i . One should also note that the Kaluza's metric (11) has the same form as the inverse of Klein's metric (1) . In this scenario, the five-dimensional interval is invariant under translation of the 4-dimensional coordinates:
where c k are constants. This induces the following transformation of the fields:
i.e. the fields B i can only be transformed by additive constants. The lack of appropriate gauge invariance for the fields B i , which we, nevertheless, will identify with the electromagnetic potentials, is transformed as a gauge degree of freedom for the dilaton N and we are free to fix the value of N as needed by the model, including N = const. As a result we end up with a gauge-fixed electrodynamics. This corresponds to the electromagnetic gauge freedom in the model of Klein [3] (see also the equations of Jordan-Thiry [6] ). Let us denote the five-dimensional Ricci tensor by R (5) µν , the four-dimensional Ricci tensor by r ij and the four-dimensional scalar curvature by r. Let us also use ∇ i for the four-dimensional covariant derivative, F ij = ∂ i B j − ∂ j B i for the Maxwell electromagnetic tensor, and π ij = −(N/2)(∇ i B j + ∇ j B i ) for the extrinsic curvature. Then the field equations R (5) µν = 0, determined in [5] , are (see also [9] for their form in terms of the extrinsic curvature π ij ):
The dilaton N is related to the Newton's constant G N via [5] :
The energy-momentum tensor T ij appearing in equation (16) is given by [5] :
where:
Let us now consider the case when the dilaton N is constant, i.e. Newton's constant is indeed a constant. Kaluza's equations then reduce to:
Here one can immediately recognize (28) as a generalization of Maxwell's equations. The right-hand-side describes interaction between the electromagnetic fields and gravitation. The first of these equations, (27), is a modified Einstein's equation. Apart from the Maxwell's energy-momentum tensor T (27), and using the contracted Bianchi identities, ∇ j (r ij − 1 2 h ij r) = 0, yields:
The meaning of the tensors involved is best understood if we consider the leading order of κ. For the Maxwell energy-momentum tensor we have:
due to (28). Equation (31) is the conservation law for the energy and momentum resulting from Maxwell's equations (28). The tensor ∇ k Θ ijk satisfies:
in view of (29). We now note that Maxwell's equations (28) are to T EM ij as the gauge-fixing equation (29) is to ∇ k Θ ijk (i.e. each of equations (28) and (29), in turn, guarantees the vanishing of the covariant derivatives of the tensors T EM ij and ∇ k Θ ijk , respectively). And since (29) is the gauge-fixing equation, we will interpret ∇ k Θ ijk as a ghost energy-momentum tensor. Considering the remaining term, ∇ k Ψ ijk , we see that it satisfies:
in view of the antisymmetry Ψ ijk = −Ψ ikj . (The second term is of order O(κ).) Note that, due to (30), ∇ j C ij exactly compensates the sum of the terms of order O(κ), which we put aside in equations (31)-(33). The tensor ∇ k Ψ ijk does not describe any dynamics (in leading order). Its only purpose is to make the linear combination ∇ k Θ ijk + ∇ k Ψ ijk symmetric under exchange of indexes i and j. Therefore, the full ghost energy-momentum tensor is given by the Belinfante tensor:
Form equations (32) and (33) it follows that
which represents the ghost conservation law, analogical to the matter conservation law (31). The ghost energy-momentum tensor modifies the Einstein tensor and such modification of Einstein's equations could account for dark matter -a possible scenario therefore for the dark matter description is to perform the cosmological gauge transformation of the Einstein's tensor E ij = r ij − 1 2 h ij r:
This is in line with the idea proposed by Arkani-Hamed et al. [10] who showed that ghost condensate may contribute to both the dark matter and the dark energy of the universe.
We will now give an example for a very special case -when all fields B i are zero and the dilaton N is, again, constant. The energy-momentum tensor T ij in (21) is therefore zero. From Einstein's equations (16), it immediately follows that r ij = 0. We are still left, however, with the residual gauge freedom (15) and we can shift B i to some non-zero constant values c i . This procedure introduces "electromagnetic potentials" while leaving the five-dimensional interval (12) invariant and the equation r ij = 0 unchanged. The resulting "electromagnetic potentials" are:
Note that in (37) we have "borrowed" gravitational degrees of freedom to build electromagnetic potentials. As r ij = 0 remains unchanged after the coordinate transformation (13), the ghost energy-momentum tensor must "return" the borrowed degrees of freedom by canceling the resulting Maxwell's energymomentum tensor. Indeed, Kaluza's equations reduce to:
Form these equations we see that a four-dimensional Ricci-flat slice (with r ij = 0) can accommodate non-vacuum solutions, such as Maxwell's electrodynamics. The allowance for this comes from the ghost energy-momentum tensor T G ij which fully compensates the Maxwell's energy-momentum tensor. Of particular interest is Schwarzschild geometry. To generate solution to the five-dimensional vacuum equations R (5) µν = 0, we will use a simple solutiongenerating technique. Let us take the four-dimensional Schwarzschild solution to r ij = 0 (see, for example, [11] ):
where α is an integration constant. This solution can be trivially promoted to five-dimensions:
This five-dimensional metric is indeed a solution to the five-dimensional Einstein's equation R
µν = 0 -in our set up, this metric corresponds to:
We now make the following coordinate transformation:
where β is another constant. We will link the integration constants α and β to the physical mass m and charge q of the particle at the centre. Time t appears above only with its differential, such transformation will not introduce s-dependence in the four-dimensional world. We thus have:
As noted, r ij and N are invariant under this transformation. Therefore, r ij = 0 and N = 1. Here we can identify B i = βδ i0 or B i = −β(1 − α r )δ i0 as an "electrostatic" potential. It satisfies the vacuum Maxwell's equations ∇ i F ij = 0. The field is generated by charge q = αβ .
Consider now the Reissner-Nordstrøm geometry of a charged particle (see for example, [11] 
Here µ is an integration constant called Reissner-Nordstrøm geometrical mass -see [12] . It can be related to the physical mass m and the charge q of the particle via: µ = (m 2 + q 2 ) 1/2 . To assure that the four-dimensional part of the solution (45) is compatible to the Reissner-Nordstøm solution up to and including terms with 1/r, we must identify α with 2µ. Hence:
In equation (45), α is not the usual Schwarzschild mass but is, instead, the geometrical mass. Then the integration constant β is given by:
The presented example deviates, at fixed s, from the Reissner-Nordstrøm geometry of a charged particle: the term q 2 /r 2 has dropped out due to the ghost energy-momentum tensor -the introduction of electrostatics via (44) does not lead to Reissner-Nordstrøm geometry but to Schwarzschild geometry. One can therefore interpret the Schwarzschild geometry as arising not from mass only, but from the combined effects of mass and electric charge; even from electric charge only (for a massless charged centre, α = 2|q| and β = (1/2) sign(q)).
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